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Let X be a real normed space, Y a real Banach space, and let C,(X, Y) denote
the space of n-times continuously differentiable functions f: X — Y. We prove that
the class C, has the double difference property, that is if €f(x, y) :=f(x+y)—
f(x)— f(») belongs to the space C,(X x X, Y) then there exists an additive function
A: X — Y such that f — A4 e C,(X, Y). Similar result is also obtained for the Jensen
equation. As an application we show that the Cauchy and Jensen equations are
stable with respect to large class of seminorms defined by means of derivatives.
© 1999 Academic Press

1. INTRODUCTION

In 1940, S. M. Ulam posed the following problem (cf. [ 11]).

We are given a group (X, +) and a metric group (Y, +, d). Given
&> 0, does there exist a d >0 such that if /1 X — Y satisfies

d(f(x+y), f(x)+ f(y) <o forall x, yeX
then a homomorphism a: X — Y exists with

d(f(x),a(x))<e for all xeX?
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This question initiated the stability theory in the Hyers—Ulam. sense. The
outline of this theory can be found in the survey papers [1, 2, 4].
Assume that Y is a normed space. For a function f: X — Y we put

1/ I sup := sup [ /().

xeX

Let @f denote the Cauchy difference of a function f: X — Y, i.e, let

Cf(x, y):=flx+y)—flx)—fly) for x yeX

Then the stability question can be reformulated as follows. Given ¢ >0,
does there exist a 6 >0 such that if /2 X — Y satisfies

1] lsup <0

then an additive function a: X — Y exists with

”f_aHsup <e?

It is natural to consider Ulam’s question for different norms, not only for
the supremum one. The stability problem with respect to %, norm was con-
sidered in [9] and [6] and with respect to Lipschitz norms in [7].

Throughout the paper X and Y will denote a real normed space and a
real Banach space, respectively. By N we denote the set of all nonnegative
integers, and by N, the set of all positive integers. Let f: X — Y be an
n-times differentiable function. The nth derivative of f will by denoted by
D"f, and D°f stands for f. By C,(X, Y) we denote the space of n-times
continuously differentiable functions and by BC,(X, Y) the subspace of
C,(X, Y) consisting of bounded functions. C_ (X, Y) stands for the space
of infinitely many times differentiable functions.

We assume that we are given a norm in X x X such that ||(x;, x,)[| is a
function of ||x; || and |x,|, and the following condition is satisfied:

I, 0)

=100, x)[[=Ilx[|  for xeX

For a function F defined in X x X its partial derivatives will be denoted by
0,F,0,F. Let i;: X—> Xx X, i,: X— Xx X be injections defined by

i(x):=(x,0) for xelX,

ir(y):=(0,y) for yeX.
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Let L: X x X — Y be a bounded linear mapping. It follows directly from the
assumed conditions on the norm in X x X that

ILody || <L T = (L],
IL oty | < Ll |l = [IL]I.

Therefore if F: X x X — Y is n-times differentiable (n>1) then

10, F(x, y)| = |DF(x, y) =iy | < | DF(x, y)I,

(1.1)
102 F(x, p)|| = IDF(x, y)° iy || < IDF(x, ¥)],
and
10710, F(x, y)| < ID'F(x, )], 02
16,05~ F(x, )l < ID'F(x, y)| '

fori=1, .., n
Let /2 X — Y be any function. We define the Jensen difference of f by

X+y> S+ f(y)
2 2

st =1

for (x, y)e X x X.

Condition €f =0 (ff =0) mean, that f satisfies the Cauchy (Jensen)
equation.

Let ne N, and let f/* X — Y be n-times differentiable. Then ¢/ and .#f are
n-times differentiable, and by (1.1) we have

[Df(x + y) = Df ()| < [ D(Ef)(x, y)I,

Xty (1.3)
0r(5E)-ortn) | <2105 1
for x, ye X.
Moreover, for n>2, we obtain from (1.2)
IDY(x+ »)|| < [ID(Ef)(x, y)I,
(1.4)

75 <21 )

for x, yeX,i=2, .., n

To avoid distinguishing some cases and to shorten some considerations
we will use the following convention. If m, ne N, m >n then by >7_, a; we
mean zero.
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2. DOUBLE DIFFERENCE PROPERTY

We will prove that the class C,(X, Y) has the so called “double difference
property” (cf. [5]), ie., if f: X— Y is such a function that %fe
C,(XxX,Y), then there exists an additive function 4: X — Y such that
f—AeC, X, Y). A similar property for the Jensen difference will be
proved, too. These results will enable us to solve the stability problem of
the Cauchy and Jensen equations, with respect to certain class of
seminorms in C,(X, Y).

THEOREM 2.1. Let ne N, u{w}, and let f> X — Y be such a function
that €f € C,(X x X, Y). Then there exists a unique additive function Ay: X > Y
such that f — Ay e C (X, Y) and D(f — A,)(0) =0. Moreover, then

IDE(f = 40)(0)| < ID*6f(0)|  for keN, k<n, (21)

Hl)k(f‘_AAO)Hsup< HDk(ngsup fOV kEN\{O}a kgn (22)

Proof. We show the first part of the theorem. Let f; = f— f(0). Then

Cfri=%f+f(0)e€,(XxX,Y)and %f;(0,0)=0. Let x, y e X be arbitrarily
fixed. We consider the function

@(t) :=Cf(tx, ty) for teR.

Then we obtain
1 1
“fi(x. )= p(1) = p(0)= | Dol1)di=| DGf,)(1x. iy)(x. y) dr

= [ oty ) x) di+ [ o1 e, 1)) .

1
0 0
Thus

1

1
(f1)(x. y) = | 02611y, 1)) di + | 061, v, 9)(y) d
for x, yelX. (2.3)
Notice that

(gfl(x—}—y,z)ﬁ—(gfl(x,y)z(gfl(x,y+z)+(€fl(y,z) for xayaZEX
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Differentiating both sides of this equality with respect to z at the point
z=0, we obtain

Do(Cf1)(x + 2, 0)=0,(6f1)(x, )+ 02(€f1)(y,0)  for x,yeX. (24)
We define 4,: X — Y by the formula

X) =y (x) — fol 0,(%f,)(1x, 0)(x) dt  for xeX.

We show that A, is additive. Making use of (2.3) and (2.4) we obtain for
X, yeX

Ao(x+y) = Ao(x) — Ao(y)
—%fi(x, y) — f AGL(U(x+ ), 0)(x + p) di
+ [ a6 000 i+ [ 061,113,000
_ folaz(fgfl)(zy,zx) ) di + j ACH)1x, 1)) di
- jol O,(6f))(tx + ty, 0)(x) dt — fol 0,(€f1)(tx + 1y, 0)(y) dt

+ [ o6 000 e+ [ 061,13, 00 )

0

= Ll (0a(Cf )1y, 1) + 0o €11 )(1x, 0) = 05(Ef1)(1y + 1x, 0))(x) dt

+J A€ )(ex, 1y) + 05(Cf1)(1y, 0) — 05(€f1)(1x + 1y, 0))(y) dt = 0.

It means that 4, is additive.
Consider arbitrary x, 7€ X. We have

1
Efi(x ) =61 h) —61(x,0) = | 261, th)(h) .
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Further by (2.4) we obtain
Ll 0o Gf1)(x + th, 0)(h) di = Ll 0:(Cf1)(x, th)(h) di + fol 0:(%f1)(th, 0)(h) dt
—%fi(x, h) +j (G (th, 0)(h) dt.
Thus we have
fol 0(Cf 1) th, 0)(h) dt = —fy(x, h) + jol O )(x+th, O\ dt  (2.5)

for x, he X.
Now we prove that f— A4, is differentiable. Consider arbitrary x, 1€ X.
Making use of the additivity of 4, and (2.5) we obtain
[/1(x + h) = Ao(x + h) — (f1(x) — Ao(x)) — D2(€f1)(x, 0)(h)]

=|€fi(x. h) + fol 05(€f1)(th, 0)(h) dt — 05(%f1)(x, 0)(h)

[ @+, 0) = o), 0000

<|All sup [[05(€f1)(x + th, 0) = 05(%f1)(x, 0)]I.

te[0,1]

Since 0,(6f,) = 0,(€f) is continuous, [0,(6f,)(x + th, 0) — 0,(€f;)(x, 0)] is
small for small 4. Hence the function f— A4, = f; — A, + f(0) is differentiable
at x and

D(f — Ao)(x) = 05(€f1)(x, 0) = 02(%f)(x, 0).

But 0,(6f)e C,_1(Xx X, Y), and hence 0,(%f)(x,0)e C,_,(X, Y). There-
fore D(f—Ay)eC" XX, Y), ie, f—Aye C"(X, ) Moreover we have

D(f —4,)(0) = 0:(%/)(0, 0) = 0.

To prove the uniqueness of A, consider additive functions 4,, 4,: X > Y
such that f—A4,, f—A,eC,(X,Y) and D(f—A,)(0)=D(f— A4,)(0)=0.
Then A,— A, is additive, 4,— A4, € C,(X, Y) and D(A;— A,)(0)=0. It
yields that 4, =4,.
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We claim that

|DX(f — Ag)(x)[I < | DK% )(x, 0) for xeX, k<n, keN\{0}.
(2.6)

Making use of (1.3) and the fact that D(f— 4,)(0) =0, we obtain for xe X
[D(f = Ao)(x)[ = [D(f — Ap)(x) = D(f = Ao)(0) | < [ID(ES)(x, 0) I,

which proves (2.6) for k=1. For 2<k <n, ke N (2.6) follows directly from
(1.4).

The case k=0 in (2.1) is trivial. From (2.6) we obtain (2.1) for k> 1 and
22). 1

Theorem 2.1 states, in particular, that the class of infinitely many times
differentiable functions has the double difference property. It is natural to
ask whether the class of analytic functions has this property. We show that
the answer is positive.

COROLLARY 2.1. Let f: X— Y be a function such that €f is analytic.

Then there exists a unique additive function Ay: X — Y such that f— A, is
analytic and D(f — A,)(0)=0.

Proof. By Theorem 2.1 there exists a unique additive function 4, :
X — Y such that f,:=f—A4,eC_(X, Y) and Df,(0)=0. Then obviously
%f,=%f, and hence ¢f; is analytic. Making use of the equality

0,6f1(x,0)=Df\(x) = Dfy(0)  for xeX,
we obtain that Df] is analytic, and consequently that f; is analytic. ||

In further considerations the following lemma will play an essential role.

Lemma 2.1. Let A: X — Y be an additive function, and let f: X —> Y be
a differentiable function such that f— A is bounded. Let ¢eR _ U {0} be
such that

sup [ Df(x)—Df(y)| <e. (2.7)

(x, y)eXxX

Then A is linear continuous and

sup || Df(x) —A| <e.

xeX
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Proof. Since f— A is bounded,

Ax) = lim L)

n— oo n

for xelX. (2.8)

By the Theorems 1 and 2 of D. H. Hyers (cf. [3]) 4 is linear continuous.
We fix arbitrary y € X. Applying the Mean Value Theorem for the function
f(x)—Df(y)(x) and (2.7) we obtain

I/ (x) = Df (y)(x) = f(0)]| <(Su1)>( 1Df(x) = Df)I) lIxl <e [[x].

Replacing in this inequality x by nx and dividing both sides by n we get

f(nx) £10)
n—Df(y)(x) -

<e | x| for xelX.
Letting n — oo and applying (2.8) we conclude that
[4(x)=Df(y)(x)l <ellx]|  for xeX,

which means that |4 — Df(y)|| <e. Since y was arbitrary, we have

sup [4—Df(y)l <e. |

yeX

THEOREM 2.2. Let neN_ u{w}, and let f: X — Y be such a function
that €f € BC,(Xx X, Y). Then there exists a unique additive function A, :
X - Y such that f — A, € BC,(X, Y). Moreover, then

ID(f = A)lsup < ID*6f sy~ for keN, k<n, (29)
ID(f = A,)0)| <|D*€f(0)|  for keN\{l}, k<n (2.10)

Proof. 1In virtue of Theorem 2.1 there exists an additive function A, :
X — Ysuch that f; :=f—A4,€ C, (X, Y). Then ¢f;=¢feBC,(Xx X, Y). It
means, in particular, that éf; is bounded. By the Hyers Theorem there
exists an additive function A4, : X — Y such that

sup [|/i(x) —4,(x) < sup  [|Efi(x, ). (2.11)

xeX (x, y)eXxX
We put

A (x) :=Ay(x) + A4,(x) for xelX.
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Clearly A, is additive and f— A4, = f; — A,. From (1.3) we obtain

sup [ Dfi(x)=Dfi(y)<  sup [ D(Ef1)(x, y)l. (212)

(x, y)eXxX (x, y)eXxX

Conditions (2.11) and (2.12) mean that the functions f; and 4, satisfy the
assumptions of Lemma 2.1 with e =sup, ,)c xxx [[D(€f1)(x, y)|. Hence 4,
is continuous linear and

sup [[D(f = A,)(x)]| = sup [|Dfy(x) — 4, |

xeX xeX

< sup [ID(Ef)(x, ¥l (2.13)

(x, y)eXxX

Making use of (2.11), (2.13), and (1.4) we obtain (2.9). For k=0 (2.10) is
obvious and for k>2 it is a trivial consequence of (1.4). |

ProrosiTiON 2.1.  The functions A, and A, occuring in Theorems 2.1
and 2.2 can be defined by the formulae

S(x/n) — f(0)

Ag(x)=: lim for xeX,
n— oo l/ﬂ

A (x)= lim L) for xeX.
n— oo n

Proof. Since D(f— A4,)(0)=0, we have for xe X, x #0

|/ (x/n) — Ao(x/n) — f1O)|

lim =0,
n— oo HX/V[”
1e.,
n— o IXH

which yields the first formula for x e X, x #0. It obviously also holds for
x=0.

The formula for 4, is a trivial consequence of the fact that the function
f—A, is bounded. |

Comparing the formulae for 4, and 4., one can easily notice that these
functions are usually different. The following example shows it explicitly.
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ExampLE 2.1. Let f: X— Y be a bounded differentiable function. As f'is
bounded, we obtain that 4 =0. Since 4,= Df(0), Ao = A4, if and only if
Df(0)=0.

3. JENSEN DIFFERENCE PROPERTY

Now we are going to prove analogues of Section 2 for the Jensen
difference.

THEOREM 3.1. Let ne N, u{o}, and let f> X — Y be such a function
that 9fe C(Xx X, Y). Then there exists a unique Jensen function Fy:
X->Y such that f—FyeCy X, Y) and f(0)=Fy0), D(f—F,)(0)=0.
Moreover, then

IDE(f = Fo)(O)| 2% | D*71(0)||  for keN, k<n, (3.1)
ID(f = Fo)lsup <2 DI f llp ~ for keN\{0}, k<n. (3.2)
Proof. We have for x, ye X

Cf(x, y)=flx+y) = flx) = f(y) = If(2x, 2y) — 7f(2x, 0) — (0, 2p).

Hence ¥fe%,(Xx X, Y). By Theorem 2.1 there exists a unique additive
function A4,: X— Y such that f—A,€%,(X,Y) and D(f— A4,)(0)=0.
We put Fy=A,+ f(0). Since any Jensen function is a sum of an additive
function and a constant it is clear that the conditions Fy(0)= f(0),
f—F,eC,(X,Y) and D(f—F,)(0)=0 determine F, uniquely. Applying
these results, (1.3) and (1.4) we obtain

IDA(f = Fo)(x)| <2°|DY(I/)(2x, 0)|  for xeX, keN, k<n

Thus we get (3.1) for k=1 and (3.2). (3.1) for k=0 is obvious as
(f = Fo)(0)=0. 1

The stability question of the Jensen equation with respect to the
supremum norm has already been solved (cf. [3], [9], [1]). It was done
by reducing the problem to the Cauchy case. The estimation of f— F
obtained in this way, namely |/ — Flg, <4 [|.7f|lsp 1S not sharp. We
obtain a better one (we are indebted to the referee who shortened our
original proof of this result).

ProposiTiON 3.1.  Let (S, + ) be a uniquely 2-divisible commutative semi-
group with zero. If a function f:. S — Y satisfies the inequality

7S sup < 00,
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then there exists a unique Jensen function F: S — Y such that F(0)= f(0)
and

If = Fllsup <2 1S Il sup-

Proof. We know that there is a Jensen function F:S— Y such that
F(0)=f(0) and g= f— F is bounded. We have to show that

gl sup <2 1|7 Il sup-
We may assume that [|.7fs,, = 1. Since g(0) =0 and .fg =.7f, we have
lg(x) = 38(2x) ]| < [1-7g ]l sup= 1
for every x € S. Therefore
lg() | <1+ 3 llgllsup-
Since this is true for every xeS, it follows that [gg, <1 +1 lgllsup and

g1l sup < 2.
The uniqueness of F is trivial. ||

THEOREM 3.2. Let neN_ u {0}, and let f: X — Y be such a function
that 9fe BC,(Xx X, Y). Then there exists a unique Jensen function
F_:X—- Y such that f —F., € BC,(X, Y) and F_(0) = f(0). Moreover,

HDk(f_Foo)HsupgmaX{zs 2k} Hijstup

for k<n, keN, (3.3)
ID*(f = F,)(0)] <2 | DX.7£(0)|
SJor k<n, keN\{l}. (34)

Proof. In virtue of Theorem 3.1 there exists a Jensen function
Fy: X— Ysuchthat f, :=f—F,e C,(X, Y) and f,(0) =0. Then #f, = Jf €
BC,(Xx X, Y). It implies that .f; is bounded. By Proposition 3.1 there
exists a Jensen function F,: X — Y such that F;(0)= f;(0)=0 and

sup [lf1(x) = Fi(x)[| <2 sup  [Afi(x, p)l. (35)

xeX (x,y)eXxX
We put

F(x):=Fy(x)+ Fi(X) for xelX.
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Clearly F, is Jensen and f— F_, = f; — F,. From (1.3) we obtain

sup [ Dfi(x)=Dfi(»)I <2 sup  [D(If)(x, ). (3.6)

(x, y)eXxX (x,y)eXxX

As F, is Jensen and F;(0)=0 we obtain that F, is additive. Conditions
(3.5) and (3.6) imply that the functions f; and F, satisfy the assumptions
of Lemma 2.1 with e =2 sup, , e xxx |-#fl. Hence F is continuous linear
and

sup [|D(f = Fo)(x)| =sup [|Dfi(x) = Fi[| <2 sup [ D(If)(x, y)l.

xeX xeX (x, y)eXxX
(3.7)

Making use of (3.5), (3.7), and (1.4) we obtain (3.3). For k=0 (34) is
trivial and for k=2 it is a direct consequence of (1.4).
The uniqueness of F follows from Proposition 3.1. |

4. STABILITY

In subspaces of C,(X, Y) one can consider different norms defined in
terms of || D'f(0)|, | Df || sp for i <n. For example the following norms

n—1

/1= X IDFO) + D"/ Il sup (4.1)
i=0

1= max D]y (42)

are used very often. Obviously several other natural norms can be intro-
duced. Our aim is not to restrict to any particular norm, and therefore we
will formulate our results in a possibly general setting.

Let ne Nu {0} be fixed. In the set [0, oo ]* we introduce the following
order

(X1, X2, ) S (V15 Y2y o)

iff x; <y, forieN,i<2n.
Let p:[0,00]* —=[0, 0] be any function satisfying the following
conditions
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(i) plx+y)<p(x)+p(y) for x, ye[0, 0],
(ii) p(ax)=ap(x) for xe[0, c0]*", ae [0, 0)(0- o0 =0),
(i) x<y=p(x)<p(y) for x, ye[0, 0]

From (ii) we obtain that p(0)=0.
We define the mapping @: C,(X, Y)— [0, co ]** by the formula

D(f) := (SO S sups 1PFO, 1DF Nl sup > )

and put
SyX, Y):={feCyX, Y): p(®)(f)) <0}

Since p(0) =0, S, contains at least the zero function. It is easy to notice
that S, is a linear space and that po @[S, is a seminorm. We will denote
this seminorm by |/-|,. The same notations we will apply for the space
C(XxX,Y).

THEOREM 4.1. Let f: X — Y be such a function that €feS,(Xx X, Y).
We additionally assume that the function p does not depend on the second or
third variable.

Then there exists an additive function A: X — Y such that f — A€ S,(X, Y)
and

Lf—All, <€/ 1,

Proof. Assume that €feS,(XxX,Y). Suppose that p does not
depend on the second variable. Then p(0, 0, 0, ...) = p(0, 0,0, ...) =0. By
Theorem 2.1 there exists an additive function A,: X — Y satisfying
conditions (2.1) and (2.2). Then @(f— A4,) < P(6f)+ (0, 0, 0,0, ...) and
hence

P(D(f—Ap)) <p(d(€f) +(0, 0,0, ...)) < p(P)(€fo)) +0,
1e.,
[f=Aoll, < €S,

Suppose now that p does not depend on the third variable. If %fe
BC,(Xx X, Y) then by Theorem 2.2 there exists an additive function 4,
such that conditions (2.9) and (2.10) are satisfied. Hence @(f—A4.) <
D(€f)+ (0,0, 0, 0, ...) and consequently

I f= A, <Ifll,-
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If €f is unbounded then |%f|ls,, = 0. By Theorem 2.1 we can find an

additive function such that the conditions (2.1) and (2.2) hold. Then
O(f—Ay) <D(%f) and hence

If=Aoll, < €S l,-
One can easily notice that if we define for ne N
n—1
p(x19x29"'9 x2n):: Z x2i+l+x2na (43)
i=0

or
P(X1, Xg, ey Xop) 1= A_n}ax {x2i}9 (4.4)

then we would obtain stability of the Cauchy equation in the norms
defined by the formulae (4.1) or (4.2).

The following example shows that the estimation of f— A4 obtained in
Theorem 4.1 for n=2 and the norm defined by the formula (4.4) is sharp.

ExamPLE 4.1. Let n=2 and let p be defined as in (4.4). Let the norm
in X x X be defined by

Gy, X2)I| =[xy |+ [x2] for x;,x,€eR,
and let
f(x)=arctan x for xeR.
One can check easily that for a fixed yeR

sup |€f(x, y)| = |arctan]|.
xeR

Hence

T
sup |(€f(-xa y)l :E

xeR

We will calculate sup, ,jerxr [P(6f)(x, y)|l. Fix arbitrarily x, yeR.
Then we obtain
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1 1
ID(%f)(x, »)| = sup < _ > ,
Wy iy =1 1N+ (X + y)?2 1+x2)!
1 1
+ — h—2
<1+(X+y)2 1+y2>
>ma {‘ 1 1 ‘ 1 1 }
= X _ , . .
1+(X+y)2 1+x2 1+(x+y)2 l+y2

On the other hand, we have

1 !
ID(ES)(x, )| < sup <‘ _ |
Wi =1 M1+ (x+ )2 T4x2 7
1 I
+ — h
‘1+<x+y>2 15,7 2'>

<max{’

)
|

T+ (x+y)? 1+x° ”1+(x+y)2_1+y2

Thus we have

1 1
I+(x+y)? 1+x°

|D(%f)(x. y)] =max {‘

1 1
T (x+p)? 142

for x, yeR.
Hence we obtain

sup [ D(€f)(x, y)| =1,

(hy, hy) eR xR

and consequently

(61, =max {5.1}=5.

Since f is bounded, the unique additive function which approximates f is
A=0. Then

/= A, = max{sup | /(x)], sup |Df(x)]} = max {’; 1} -2

xeR xeR

Making use of Theorems 3.1, 3.2 by the similair reasoning as in Theorem 4.1,
one can get the following stability result on the Jensen equation.
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THEOREM 4.2. Let neN_, and let f: X— Y be such a function that
JIfeS,(XxX,Y). We additionally assume that p does not depend on the
second or third variable.

Then there exists a Jensen function F: X — Y such that f —FeS,(X, Y)
and

Lf = Fll, <2" |51l ,-
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